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Abstract

A conservative method of level set type for moving interfaces in divergence free velocity fields is presented. The inter-
face is represented implicitly by the 0.5 level set of a function @ being a smeared out Heaviside function, i.e., a function
being zero on one side of the interface and one on the other. In a transition layer of finite, constant thickness @ goes
smoothly from zero to one. The interface is moved implicitly by the advection of &, which is split into two steps. First @
is advected using a standard numerical method. Then an intermediate step is performed to make sure that the smooth
profile of @ and the thickness of the transition layer is preserved. Both these steps are performed using conservative
second order approximations and thus conserving J&@. In this way good conservation of the area bounded by the 0.5
contour of @ is obtained.

Numerical tests shows up to second order accuracy and very good conservation of the area bounded by the interface.

The method was also coupled to a Navier—Stokes solver for incompressible two phase flow with surface tension.
Results with and without topological changes are presented.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Problems involving moving boundaries and interfaces exist in a wide range of applications, such as
multi-phase flow, crystal growth, image processing, front propagations, fluid-structure interactions,
etc. Different ways to simulate these problems have been developed. Some of the more commonly
used are front tracking methods and level set methods and for incompressible flows volume of fluid
methods.
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In the simulation of incompressible two phase flow volume of fluid (VOF) methods have been used
extensively. In these methods, the interface is given implicitly by a color function, defined to be the fraction
of volume within each cell of one of the fluids. From the color function, a reconstruction of the interface is
made and the interface is then propagated implicitly by updating the color function. VOF methods are con-
servative and can deal with topological changes of the interface. However, they are often rather inaccurate,
high order of accuracy is hard to achieve because of the discontinuity of the color function. As far as we
know, no advection scheme for the volume of fluid method has order higher than two. Also, properties of
the interface such as normal and curvature are hard to calculate accurately. Still, the good conservation
properties are attractive and quite sophisticated methods have been developed. For one of the early work
on VOF, we refer to Noh and Woodward [1] and for a review of this type of methods to Scardovelli and
Zaleski [2].

Another approach for free boundary problems is to track the boundary explicitly by markers distributed
evenly on the interface, and then propagate the markers. In this way the interface can be represented shar-
ply. This type of methods are often referred to as front tracking methods. Markers may however move close
together or far apart, making redistribution of markers necessary. Special care has to be taken to topolog-
ical changes. Also, if the markers move independently of each other, oscillations in the interface may occur.
Another difficulty is the interaction of the interface with a fixed Eulerian grid, which is often needed. All
these features makes front tracking methods hard to implement for a general case. A method to simulate
multi-fluid flows using front tracking is described in [3].

Lately, level set methods have become popular and have been used in a large variety of applications such
as compressible and incompressible two phase flow, image processing and flame propagation, just to men-
tion a few. General descriptions of level set methods can be found in [4,5] and applications to two phase
flow in [6,7]. In general, the interface is represented by the zero contour of a signed distance function,
the level set function. The movement of the interface is governed by a differential equation for the level
set function. The advection is in general done by (weighted) essentially non-oscillatory (WENO, ENO)
methods. To keep the level set function a signed distance function, a reinitialization process is needed. Also
this process is governed by a differential equation. Level set methods automatically deal with topological
changes and it is in general easy to obtain high order of accuracy, just by picking an ENO or WENO
scheme with the desired order of accuracy.

One of the drawbacks of level set methods is that they are not conservative. For incompressible two
phase flow, loss or gain of mass might occur, which is physically incorrect. The poor mass conserva-
tion of level set methods in a finite element framework compared to front tracking methods was
pointed out in [8]. Several attempts to improve mass conservation of level set methods have been
done. In [9], a combination of the level set method and the VOF method was used in order to obtain
the good mass conservation of the VOF method, but using a level set function to obtain better
approximations of the curvature. A color function is needed and has to be advected, as in standard
volume of fluid schemes. Since this function is discontinuous across the interface special care has to be
taken when advecting this function. Due to this, it might be hard to obtain advection schemes of
order higher than two without introducing oscillations. The simplicity of the original level set methods
is also lost. The problem of mass conservation of level set methods was also addressed in [10]. The
authors there propose a hybrid level set — marker particles method to improve accuracy, in particular
in underresolved regions. However, in both these cases the original simplicity of level set methods is
partly lost.

Our goal is to find an alternative level set function, together with an advection scheme, resulting in con-
servation of the area (volume in 3 dimensions) bounded by the interface. The velocity field is assumed to be
divergence free. To achieve our goal, we use a smeared out Heaviside function as the level set function, i.e.,
a function being zero in one fluid and one in the other. Over the interface it varies smoothly from zero to
one. The advection of the level set function is performed using a conservative scheme with an intermediate
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step that keeps the shape and width of the profile across the interface constant. Furthermore, our level set
function will be smooth, which makes our method easy to extend to higher order, as opposed to the dis-
continuous color function.

2. Choice of level set function

In standard level set methods, the level set function @ is defined to be a signed distance function

|[@(%)| = d(¥) = min(|¥ — 1),
where [ is the interface, @(X¥) > 0 on one side of the interface and @(¥) < 0 on the other. The advection of @,
including a reinitialization step to retain @ as a distance function, is not done in a conservative way, not
even for divergence free velocity fields. This implies that the area bounded by the zero level set is not con-
served. This is one of the drawbacks of level set methods.
To represent density and viscosity discontinuities over the interface the Heaviside function:

H(®) =0, <0,
H®)=1, &>0

is needed. In computations, to achieve numerical robustness, a smeared out Heaviside is often used. For
example

0, D < —¢,
Hpn(®) = 1+ 2+ sin (%), —e< P <e, (1)
1 D > ¢,

3

where € corresponds to half the thickness of the interface.
If we could instead choose

D(%) = Hon(9(F)),

we would not have to calculate Hgy, from ¢. More important, assume we have a conservative numerical
method to advect @ (¥) that preserves the smooth profile of @ (¥). Since the method is conservative J@ will
be conserved exactly. This implies that we can also expect good conservation of Ag, , the area bounded by
@ = 0.5, since A;ZO SR J @. If we would use the sharp Heaviside, we would preserve the area exactly. How-
ever, on a discrete grid, the position of the interface is better approximated by the level set of a smooth
function. The interface thickness should therefore typically depend on the grid size, so that the smooth pro-
file can be resolved by the grid. B

We can also choose to either define a sharp interface at @(X) =0.5 or a diffuse interface for
0 < &(¥) < 1. In the following, we will refer to our choice of level set function as the phase field function,
denoted .

Normals and curvatures can easily be obtained from our phase field function as:

Vo
V|’

Vo
“—‘V'(W)-

ﬁ:
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3. Advection of the phase field function
3.1. Advective step

We now turn to the problem of finding a method to advect @ that is conservative and that does not
change the profile of @ at the interface.

Assume the interface is advected with a given velocity field #. This corresponds to the following simple
ordinary differential equation for every point ¥ on the interface

dx
i i(x). (2)

As in standard level set methods we can instead solve

O +id-VO=0 (3)
on the entire domain. This will move the 0.5 level set of & according to (2). For incompressible flow, i is
always divergence free, i.e., V - i = 0. Eq. (3) is then equivalent to the conservation law

&+ V- (did) =0.
When choosing a suitable numerical method to solve this one has to consider:
e The method should be conservative.

e No spurious oscillations should be introduced.
e The thickness of the interface and the profile of @ should be kept constant.

Using a uniform grid, we define grid points ¥;; = (x;,;) = (xo + iAx,y, + jAy) and a grid function
@, ; ~ ®O(x;;). The velocity, i = (u,v) is assumed to be given on a staggered grid, i.e., u on grid points

=

X1, and v on X ;1. Conservative methods can be written on the form

do, 1 1

dr T Ax (Fi+%,j - Fi—%,j) - A_y (Gi,jn% - Gi,j—%)’ (4)
where F; ny anq Gl approximates the flux (F,G) = ®ii on the staggered grid. Calculating fluxes using
centered averaging,

FH—%,_/' = 0~5((pi,j + ¢H‘1J)ui+%,j’ GH—%,j = 0-5(4)!',/' + ¢f<j+1)vi,j+% (5)

will typically introduce oscillations close to the interface. This can be seen in Fig. 1(b), which shows results
after only a few time steps.

A large amount of work on TVD (total variation diminishing) methods has been done, see [11]. These
methods approximate conservation laws without introducing oscillations near discontinuities. Linear TVD
methods will however smear discontinuities. A suitable method for the advection of our phase field function
would thus be a non-linear TVD method that does not smear discontinuities.

A typical TVD method uses an upwind scheme together with a piecewise linear reconstruction of @. A
limiter has to be chosen to determine how the linear reconstruction is made. In time a conservative explicit
second order Runge-Kutta discretization can be used. A more detailed description of this method is given
in Appendix A. Results using different limiters, i.e., different Lim(x,y) in (A.1), are shown in Fig. 1(c)—(f).
Here, a rotating velocity field (z,v) = (y,—x) was used. The figures show the result after one full revolution
so that the initial state should be recovered exactly. We used the minmod, van Albada, van Leer and the
Superbee limiter. Among TVD schemes, the ones using the Superbee limiter are well known to be the least
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diffusive, i.e., which will produce the least smearing. It is also clear from Fig. 1(c)—(f) that this limiter pre-
serves the thickness of the interface better than the other limiters.

3.2. Intermediate step

Not even with the Superbee limiter (Fig. 1(f)), the profile and thickness of the interface remains constant.
Also, the shape of the profile seems to depend on the normal of the interface relative the direction of mo-
tion. To solve this problem, we add an intermediate step after each time step that will make sure that the
interface keeps its thickness and shape. As originally proposed by Harten [12] it is possible to add artificial
compression in order to maintain the resolution of contact discontinuities. This can be viewed as an inter-
mediate step where one is solving the conservation law

. +V-f(P)=0, (6)

where ]7 corresponds to the compressive flux. In our case, we want the artificial compression flux to act in
regions where 0 <@ <1 and in the normal direction of the interface. To achieve this, we choose
f = @(1 — ®)a, where 7 is the normal of the interface. We denote the time variable by t to stress that this
is an artificial time, not equivalent to the actual time z. We note that (6) is a hyperbolic differential equation.
As 7 increases, stationary shocks will develop at the interfaces.

To avoid discontinuities at the interface, we add a small amount of viscosity, i.e., we modify the conser-
vation law by

.+ V- f(P) = eAD (7)
or in conservative form

O, +V-f(d)=0 (8)
with

[(®) = f(®) — V.

By solving (8) to steady-state the interface thickness will remain constant and proportional to e.
This can be approximated in space by

do; ; 1 1
d‘c’j = T Ar (Fis10) — Ficpay) — A (Gijr1/2 — Gijo1)2), )

where F and G is the numerical flux at cell faces. We choose:
f(@,j) +f(¢l+1j) 8¢i+1,j - D,

Fit1p);= > — Ax )
G _g(Diy) + g(Diji) D1 — Dy
ij+12 = > —¢ A

with f'and g being the x and y components of f The interface normal 7 = V@/|V@| is approximated using
centered differences:

Diyy;— (151'71.;56 i Dij1—Dijy

2Ax 26y

(Vdj)zlj =
(Vo).

2

(V).

fl,-'_/- =
z,j|
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fi;; is only calculated once in each intermediate step. That is, after each advection step, 7;; is calculated
and is then kept fixed until steady-state of (8) has been reached. In time we use the same Runge-Kutta
approximation as for the advection of ®@. The method obtained is second order accurate in space and
time.

Since we use explicit time stepping we get stability restrictions on At due to the viscous term, typically

At < C———

Experimentally, we found that stability was obtained by choosing C = 1/4. We choose ¢, which determines
the interface thickness, to depend on the grid size in the following way:

(a0)"
.

If d = 0, ¢ and thus the width of the interface, will be proportional to Ax. In this case, the resolution of the
smooth interface profile will not increase under grid refinement. As will be seen later we do, however, obtain
second order accuracy even for d = 0 in a test calculation of a rotating circle. For a more complicated flow
field, as the vortex test in Section 5.2, we had to choose d > 0 to obtain convergence. However, a small va-
lue, d = 0.1, was enough. In all our calculations we have used

(Ax) 1+d
-
As a criteria for steady-state we used

At =

/ |@"! — ¢"| < TOL - At

for some specified tolerance TOL. Numerical tests have shown that in practice only a few time steps have to
be performed in order to reach steady-state.

Results after one revolution using different methods for the advection together with the artificial com-
pression step are given in Fig. 2. It is clear that we get reasonable solutions for all the advection methods,
even the one using centered differences. The thickness of the interface is constant for each case.

3.3. Boundary and initial conditions on ®

Appropriate boundary and initial conditions must also be assigned to @. In our calculations, we have
either used ® =0 on the boundaries or assumed the boundaries to be walls with a contact angle of
0 = . In the case of walls, on the boundaries

n - Ryall = 0

should hold. Here 7 is the normal of the interface and 7,y is the normal of the wall. This can be trans-
formed to a homogeneous Neumann condition for @

fwan - VO = 0.

At ¢t =0, @ has to be initiated. One way to do this is to set @ to one on one side of the interface and zero on
the other. Then (7) is solved numerically until a steady-state has been reached. The resulting function is
used as initial data for @. However, in certain cases the steady-state of (7) can be found analytically.
For steady-state, V - /(®) = ¢éA® should hold and the 0.5 contour of @ should lie along the desired inter-
face. If

@ = (11 eleelnn
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v ~J7(45) = ¢A® is fulfilled for x # x. and the 0.5 contour of @ corresponds to a circle centered in x; with
radius r. Correspondingly for a horizontal interface at y = y;,; we can set

b = (1 4 e(%}’m)/ﬂ)*l

to both fulfill steady-state and obtain the 0.5 contour at y = yj,.

4. Incompressible two phase flow

The next step is to couple our advection method for the phase field function with a two phase incom-
pressible flow solver. We use a diffuse interface model, where surface tension is transformed to a volume
force spread over a few layers of cells. The discontinuity in density and viscosity across the interface is also
smoothed out.

Surface tension per interfacial area at a point X; on the interface is given by

Fo(®) = ox(@)a(x).

As in [13] choosing a volume force at any point X as

. Vo
FSV(X)—G< \% |V(D|>V¢

will result in the same total force as F «(¥7), but spread over the finite interface width. Here, it becomes
important that the thickness of the transition layer is kept constant. Fy, is equal to Fy, (¥;) only in the limit
when the thickness of the interface goes to zero. If the interface becomes wide F, will not be a good
approximation of F, (¥7) . Therefore, the interface thickness should not become too wide. A too sharp tran-
sition, on the other hand, will yield difficulties in numerically computing Fy accurately, since up to second
order derivatives of @ are needed.

The non-dimensionalized incompressible Navier—Stokes equations with surface tension and gravity are:

V-i=0, (10)
Y o T

u[+(u-V)u_—7+Ev(M(VH(W) ))+Weg+%Fm (11)
G+ VD=0, (12)

w1
M the Weber num-

where Re = ’”ef/%elfl”f is the Reynolds number, Fr = % the Froude number, We =
Tel ref§

ber and Fy, = Fy, /0. &g is the unit vector in the direction of gravitation, and p and p the non-dimension-
alized density and viscosity, respectively. The density and viscosity varies smoothly over the interface by
letting:

p=pi+(pr—p)- P,

=+ (g — ) - @ (13)

with p;, p» and p;, u, being the dimensionless densities and viscosities of the two fluids, respectively.

We use a staggered grid for the discretization, i.e., @ and p are given at grid points X; ;, whereas u is given
on X;,i/>; and v on ¥ ;11 ,2. Egs. (10) and (11) are solved numerically using extensions of the Marker and Cell
method [14] (see Appendix B for a thorough description) together with our conservative shape preserving
advection scheme for the solution of (12). The pressure is updated implicitly by solving a Poisson equation
with variable coefficients. This linear system is solved by a direct banded solver. The velocity is then
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updated explicitly and finally @ is advected with the calculated velocity. The method is second order accu-
rate in space and first order in time.

Note that since we use conservative schemes for updating @;;, [ ®;; = > @;;AxAy is conserved exactly.
Since we define the density by (13), also [ pij = >_ pi;AxAy will be conserved. Mass is thus conserved ex-
actly by our method.

5. Results

We tested our method on four different cases. First, two tests using our advection scheme for given diver-
gence free velocity fields were investigated. Convergence studies were performed, including estimates of or-
der of accuracy. Then, the advection was coupled to the Navier—Stokes solver described in Section 4 for the
case of a rising air bubble in water. Finally, a test case involving topological changes of the interface was
considered through a water droplet falling through air and then hitting a water surface.

In the two last simulations, the velocity component normal to the walls were set to zero on the boundary.
For the tangential component homogeneous Neumann conditions were used. Homogeneous Neumann
conditions were also used for @ on all boundaries, i.e., a contact angle of © degrees. From these boundary
conditions and the Navier—Stokes equations, Neumann conditions on the pressure follows, dp/0x = 0 on the
vertical boundaries and dp/dy = p/Fr* on the horizontal ones.

5.1. Rotating circle

To test our advection scheme a circle was rotated in the constant velocity field (u,v) = (y,—x). Solutions
on different grids after one revolution, i.e., at ¢t = 2rt, were compared. The viscosity parameter in (7) was set
to ¢ = Ax/2, so that the thickness of the transition layer gets smaller and smaller as the mesh becomes finer.
Contour lines corresponding to @ = 0.05, 0.5 and 0.95 of the solutions at # = 2n on four different grids,
Ax =0.08, 0.04, 0.02 and 0.01, with Az = At = Ax/2 are shown in Fig. 3(a). Four artificial compression steps
were performed after each time step. On the boundary we used @ = 0.

The conservation of the area within the 0.5 contour is shown in Fig. 3(b). Even though there is a small
variation of the area, there is no drift, i.e., the maximum deviation from the initial area does not increase

0.5 0.5
© O o=
> 0 > 0
-0.5 -0.5
0.194f
_1 _1 WMWAWWWAAWNWW
-1 -05 0 05 1 -1-05 0 05 1
[
X X ‘(\'3
0.19}
1 1
0.5 0.5 O
-~ 0 - 0 0.186f
-0.5 -0.5 WWANMNWAM
_ ~ 0.182 ‘ ‘ ‘ ‘ ‘ ‘ ‘
05 0 05 1 05 0 05 1 0 1 2 3 4 5 6 7
(a) x x (b) t

Fig. 3. Results on the different grids, upwind scheme with Superbee: (a) contour lines corresponding to @ = 0.05, @ = 0.5 and ¢ = 0.95
at 1 = 2m; (b) area conservation.
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with time. On the coarsest grid we get a maximum deviation less than 0.5% and on the finest only 0.035%.
The difference in initial area for the different grids is due to the discretization error of the initial @. Clearly
from the result this error is of order (Ax)>.

From the result, we estimated the order of accuracy with respect to the position of the circle and with
respect to the error measured by

/ |H(¢numerical) - H(¢exact)|/14 (14)
as was done in [7], where:

H(®)=0, &<0.5, (15)

H®) =1, &>05 (16)

and L the perimeter size. In this way, we can measure the error of the sharp interface defined by @ = 0.5.
The position of the bubble was defined by the center of mass:

Yo > Pij X - 2Py
center — center — .
Zi‘j®i,/ ’ Zi‘j¢"af

Calculated orders of accuracy are shown in the following table:

Ax Order (H(®)) Order (y-pos) Order (x-pos)
0.04 1.4 2.1 12
0.02 1.2 2.9 15
0.01 1.2 2.4 15
Area of bubble
1 1 0.2
0.5 C 0.5 0.198}
>0 >0 0.196 [
-05 -05 0194
MMM ANNNAMNAN A ANANNNNANANNANNANNA S
o5 0 o5 1 M o5 o os 1 ote2r
1 1 3 019}
05 05 Q 0.188F
>0 >0 0.1861
-05 -05

0.184 1

(a51 -0.5 2 05 1 -1 -05 g 0.5 1(;-)1820 p > 3 " s 6 >

Fig. 4. Results on the different grids, central scheme: (a) contour lines corresponding to @ = 0.05, ¢ = 0.5 and @ = 0.95 at ¢ = 2x; (b)
area conservation.
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In the previous calculations, we used the upwind scheme together with the piecewise linear reconstruc-
tion defined by the Superbee limiter. Exactly the same calculations were also done using the central scheme,
i.e., (4) with (5). The obtained results are shown in Fig. 4(a) and (b).

The result is very similar to the result obtained with the Superbee scheme. Contours corresponding to the
0.5 level set of @ are shown for each method in Fig. 5(a) and (b).

The following orders of accuracy were obtained:

Ax Order (H(®)) Order (y-pos) Order (x-pos)
0.04 2.0 2.2 2.0
0.02 1.8 2.1 1.9
0.01 2.0 2.0 1.9

We thus obtain higher order of accuracy for the central scheme, even though on the coarsest grid, the
upwind scheme performs better.

5.2. Vortex test
To test our advection scheme on a more complicated flow, we used the following velocity field on the
unit square:
u = sin*(mx) sin(2my),
v = —sin’(my) sin(2mx).

A circle with radius 0.15 centered at (0.5,0.75) was used as initial condition. At ¢t = T the flow field was
reversed, so that the exact solution at 1 = 27 should coincide with the initial condition. To obtain conver-
gence, we had to choose ¢ = (Ax)"™°/2. Computations on four grids (322 642, 1282 256°) were performed for

0.7 0.7
0.6- 06-
0.5F 05F
0.4 04F
0.2f

02r

0.1 01F

0 0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0 0.1 0.2 0.3 04 0.5 0.6 0.7
(@) x (b) x

Fig. 5. 0.5 Contours of @, using different grids and different numerical methods: (a) upwind with Superbee; (b) central scheme.
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T=1and T=0.5. The solution for T=1at¢=0,¢r=0.5, =1 and ¢t =2 are shown in Fig. 6. The conser-
vation of the area bounded by the 0.5 contour, 7' = 1, is given in Fig. 7(a) and the 0.5 contours of ® at t =2
in Fig. 7(b). The corresponding results for 77= 0.5 are shown in Fig. 8(a) and (b).

The results can be compared with results using standard level set method with reinitialization, see Figs. 9(a)
and (b) and 10(a) and (b). Second order ENO schemes were used for both advection and reinitialization, cf. [6].

In Fig. 6, we note a pinch off as the thickness of the stretched circle gets close to the thickness of the
interface. This is a numerical effect that can only be avoided if the thickness of the interface is smaller than
the distance between two interfaces. We also note from Fig. 7(a) that this pinch off results in a small tem-
porary mass loss. This mass loss is however small compared to the standard level set method, and the mass
is recovered at t = 27T. For T = 0.5, the interface remains well resolved and the mass conservation is very
good (Fig. 8(a)). Our method is clearly better with respect to mass conservation compared to the standard
method. (Note the difference in scaling in Figs. 7(a), 9(a), 8(a) and 10(a).) This holds independently of
whether the interface is well resolved or not.

As for the rotating bubble in previous section, we estimate the order of accuracy at t = 27 with respect to
the error defined by (14):

Ax Error (T'=1) Order (T'=1) Error (T'=0.5) Order (T'=10.5)
1/36 0.049 0.029
1/62 0.025 0.97 0.0050 2.6
1/128 0.0023 3.5 0.0012 2.1
1/256 72%x1074 1.7 47x107* 1.3
1 I| 1 1 . 1
0.5 0.5 0.5 0.5
0 0 0 0
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1
1 1 1 1
0 0 0 0
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1
1 1 1 1
0.5 0.5 0.5 9 0.5
0 0 0 0
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1
1 1 1 1
0.5 0.5 0.5 0.5 Q
0 0 0 0
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1

Fig. 6. Vortex test on four different grids at =0, 7=0.5,t=1,¢r=2. T=1.
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Fig. 7. Vortex test on four different grids, 7= 1, using our method: (a) area conservation; (b) ¢t = 2, 0.5 contour of @.
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Fig. 8. Vortex test on four different grids, 7= 0.5, using our method: (a) area conservation; (b) ¢t = 1, 0.5 contour of @.

Finally, we performed a non-reversed simulation on the finest grid until # = 4. The solutionatz=1, ¢t =2,
t =3 and t =4 is shown in Fig. 11. Clearly, the grid is not fine enough to resolve the interface.

5.3. Rising bubble

An air bubble in water initially at rest was studied. The reference density and viscosity was set to the
density and viscosity of water: pr = 1.0 X 10° kg/m3, Ueer = 1.0 X 1073 N s/m? so that p1=1, pp =0.0013,
w =1, and u, =0.016. Letting 6 =73x10"2N/m, l=50x10"m and u.=0.1 m/s, we obtain
Re =500, Fr=0.45 and We = 0.68. Again, the interface thickness was determined by &= (Ax)*°/2. We
chose the time step by stability with respect to viscous and convective terms
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Fig. 10. Vortex test on four different grids, 7= 0.5, using standard level set methods: (a) area conservation; (b) ¢ = 2, 0 contour of @.
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Fig. 11. Long time simulations.
max(|u|) max(|v]) 4 1 1
At =1 + +— + 17
Ax Ay min(p-Re/u) \ (Ax)*  (Ay)* )

Results at # = 0.5 on the different grids, Ax = 2/25, Ax = 2/50, Ax = 2/100 and Ax = 2/200 are shown in Fig.
12. The time evolution of the area bounded by the 0.5 contour of @ is shown in Fig. 13(a). The conservation
is obviously very good. Even on the coarsest grid the area fluctuation is only about 0.1%. As in the other
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Fig. 12. Results at 7 = 0.5 of rising air bubble on four different grids.
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Fig. 13. Velocity of center of mass of bubble and area of region bounded by @ = 0.5: (a) area conservation; (b) velocities.

tests, the difference in initial area is due to the discretization error of the initial . The velocity of center of
mass is shown in Fig. 13(b) and the 0.5 contours of @ in Fig. 14. The solid line corresponds to Ax = 2/200,
the dashed to Ax = 2/100, the dashed-dotted to Ax = 2/50 and the dotted line to Ax = 2/25. We observe con-
vergence of both the contours and the velocity, although the rate of convergence is rather slow. A possible
reason for this can be the smearing of surface tension, viscosity and density.

0.4 0.6 0.8 1 1.2 14 1.6

Fig. 14. Results at # = 0.5 of rising air bubble on four different grids.
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Fig. 15. Initial state of falling droplet.
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Fig. 16. Falling droplet from ¢ =0 to z = 3.5, 0.5 contour of .
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Fig. 17. Falling droplet, close to surface.

t=0.19 t= 0.192 t= 0.194
6 6 6
4 4 4
© L A
) © e R L A___|
0 0 0
5 0 5 0
t=0.196 t=0.198 t=0.2
6 6 6
4 4 4
2 2 2
0 0 0
5 0 5 0 5
t= 0.202 t= 0.204 t= 0.206
6 6 6
4 4 4
2 2 2
0 0 0
0 5 0 5 0 5

Fig. 18. Falling droplet, close to surface. 0.05, 0.5 and 0.95 contours of ®.
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5.4. Falling droplet

Finally, a problem involving topological changes of the interface was studied: a small droplet of water
falls through air until it hits a water surface. The initial state is shown in Fig. 15.

As in the previous section, we set pf= 1.0 X 10° kg/m3, Leer = 1.0 X 1073 N s/m?, p1 =1, p»=0.0013,
ur =1, and u, =0.016 and 6 = 7.3 x 1072 N/m. By choosing /.s = 1.0 x 103 m and uer = 1.0 x 1072 m/s,
we get Re =10, Fr=0.10 and We =0.0014. The discretization parameters were chosen as Ax = 0.06, At
by stability as in (17).

Results from a droplet falling is shown in Figs. 16 and 17. We see that in the air the droplet remains
quite circular. This is expected since on this small length scale surface tension is large. The horizontal
surface stays straight as the droplet is approaching. One might expect that the air under the droplet
would create a small bump on the horizontal surface. However, on this small length scale these effects
are too small to be apparent in the results. We also note that as the distance of the bubble and the
surface becomes close to the thickness of the interface, the droplet slightly attracts the surface. This
is a numerical effect due to the diffuse representation of interfaces. As the droplet hits the water, waves
propagating towards the wall are generated. Finally the waves are damped. We see that our method
has no problem dealing with the topological change of the interface. In Fig. 18, the three contour lines
corresponding to @ =0.05, ® =0.5 and & = 0.95 are shown. We note that the interface keeps it thick-
ness even as the droplet hits the surface.

6. Conclusions

We have constructed a numerical method for the advection of an interface in a divergence free velocity
field. The method is conservative and the thickness of the diffuse interface is kept constant. Our method is
easy to implement and the extension to three dimensions is straight forward. No special care has to be taken
concerning topology changes, since this is automatically incorporated in the method. We have used second
order approximations and numerical tests have also shown an actual order of accuracy of about two. Mass
conservation is significantly better compared to the standard level set method.

Since our method is based on a certain smooth level set function together with a set of differential equa-
tions, other numerical methods can easily be applied. For example, higher order accurate and/or finite ele-
ment discretization could be used. In this way, it should be possible to construct a conservative method with
order greater than two.
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Appendix A. TVD method for advection

The TVD method for the advection of @ using the upwind scheme together with a piecewise linear recon-
struction can be summarized as follows.
A piecewise linear reconstruction of @ is made. On each cell we have

D(x,y) = @ij + 57, (x —xi;) + 57,0y — i)
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The slopes s;; and s}; are calculated by:

o (D1 — Pij Py — Dy
Sij :le( ij 5 Ax ) (Al)
¢, —Lim [ Zuxt = P Py~ Py (A2)
Y Ay Ay

where Lim(x,y) defines the limiter. The Superbee limiter is defined as

sign(x) max(fx[, [y[) if [x[/2 < [y[ < 2]x] and xy>0,
Lim(x,y) = { 2sign(x) min(xl, ) if [fl/2 > | or | >2k| and x>0,
0 if xy <0.

For the definition of other limiter, e.g. the minmod limiter, see for example [11].
The evolution of @, is given by
do;; 1 1

dr E (Fl+%,j - Fl*%,j) - A_y (Gi,j+% - Gi,j—%)v (A-3)

where the fluxes are approximated using the upwind scheme for the linear reconstruction defined by the
Superbee limiter:

Fi+%<j :max(”i+l-j’ ())¢z+l + mm( O) (Dj—*%/’
Gi’j+l max( L 0) J+1 +mln( + 0) i+
Here
B Ax Ay
R R TTRL e 2
Ax Ay
(151++ = Dy — 75);+1,j> (p;;+% = Pijy1 — Sl}ﬁl

Finally, we discretize in time using an explicit second order TVD Runge-Kutta. We rewrite the system of
ODE:s in (A.3) as

Appendix B. Discretization of the Navier—Stokes equations

The incompressible Navier—Stokes equations we are solving are given by:

V-i=0,

. Vp 1 I 1. 1 -
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We discretize using an extended version of the method described in [14]:

i+1 n+1
=, + 0" _ﬂw
i+hj T iy i+ Ax o )
i+
n+1 n+1
P g g AP TPy
i+ ijt+h i+ Ay p?ﬁ%
with:
2u), + (u(uy +00), 1\
Q?%’j B At<_uux e pRe * pWe Fa H—Lj7
2
2uv + u, + vy . 1 1 n
R?j-u = At(—uvx — v, + (2u y); (u(uy ) 1y sz) '
Jt3 PRe Fr pWe -

The discretization of the surface tension is done in the following way. The divergence of 7 is first approx-
imated as

(V.2> (@ @) Y 1@y (@),
Vi), T 2ax \[Ve),., | (Vo) 285 \[(Va),, (V)] )

i—l_j|

where the gradient of @ is calculated using

Dy — ¢i—lj)% n Dijr1 — Pij P

2Ax 2Ay

(V‘D)i,j = (®.), ;8 + (‘py);:jj’ =

i.j

and

iy iJ*

|(v¢)i4j| = (djx)z + ((Dy)z

Finally, we can calculate the surface tension:

1 Vo Vo
FX). 1, == V- —— D) + (V- -— D). .,
( SV)HN 2 (( V¢|)i,j( )l‘j ( |v¢|)i+l4j( )Wl’j)

1 Vo Vo
FY) == =) (D)), L @) .. |
(ol 2<<V vq>|),«,_,( Pt (v |V<1>|>i.j+1( )>

The other terms of Qh ; are discretized by:

_ Uigdj — Uity
(t)isgy = Uik 3
1 Uil jpr — Uil i
_ 2 2J
(U”y)i+%,j ~2 (Ui,j+% + Uiyt + Uip1j+d + Ui+1,j—%) : 2Ay )
Hivr, (ui+%,_/' - ui+%,j) - Hij (”i+%,j - ui—%j)
(e g, = (Ax)? ’
B ,ui+%‘/'+%(ui+%,j+l - ”i+§,/) - #H%-J‘*%(MH%J - ”z‘%j—l)
(/“"y)y . 2 ’
Hy (Ay)

_ M[+%,j+%(vi+l,j+% - Ui,j+%) - HH%J*%(UHIJ% - “::j—%)

((,uvx)y) i+l AxAy
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To calculate p and u at cell faces we use:
(P)ij=p1+ (P2 —p1) - iy
(P)ijay = 3((P)iy + (P)ijr)s
()i = 3((P)iy + (P)isry)

1
1,
and, respectively, for u.

. — : : — 1
We require i to be divergence free at "*', ie., (V -4)/"

i; =0, where

u v

U, 1. —U; 1; 11— U1
—n+l i+3J = ijt3 L3
(V . u)ﬂ _ 2 2 2 2

i Ax Ay
This yields the pressure implicitly as

\V4 n+1
<v( in ))Z(Qx—i_RV)Zﬁ

which is discretized as

n+1 n+1 741 741 n+1 +1 n+1 n+1
I (Picy; —Pij Py —Piyy L (P =P Pij —Pij

2 2 n
(Ax) p zr"%,j p zr"—%,j (Ay) P ij+h P ij—%
n n n
Q;I%‘j - Q:'f%,j i Riﬁ% - Ri.j—%
Ax Ay

p

This linear system was solved using a direct solver for banded matrices. Alternatively some iterative method
such as a preconditioned conjugate gradient method or a multigrid method could have been used.
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